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Abstract
In this paper we explore some features of f -g theory in three dimensions. We show
that the theory has (A)dS and (A)dS wave solutions. In particular at a critical value
of the coupling constant we see that the model admits Log gravity solution as well,
reminiscing TMG and NMG. We have also studied a class of exact static spherically
symmetric black hole solution in the model.
1 Introduction
Although in three dimensional pure gravity there is no dynamical propagating mode, in the
presence of a negative cosmological constant the theory admits rather a non-trivial solution
known as BTZ black hole. Therefore quantum mechanically the content of the theory must
be quite non-trivial in order to be able to describe the entropy of the black hole solutions.
Actually there are lots of activities to understand quantum gravity in three dimensions,
though it is not quite clear what that really means.
Since any solution in three dimensional pure gravity in the presence of negative cosmolog-
ical constant is locally AdS3 one may wonder that the quantum gravity in three dimensions
may be defined by a two dimensional CFT theory via AdS/CFT correspondence [1,2]. Indeed
the first attempt toward this suggestion was made by Witten [3], though due to a non-trivial
assumption of the holomorphic factorization it is not clear whether the suggestion could
directly be applied to pure gravity in three dimensions.
It is, however, possible to have a chiral gravity in which the holomorphic factorization
could be a natural property of the theory. Indeed the three dimensional chiral gravity has
first been introduced in [4] in the context of TMG model [5,6] where the gravitational Chern-
Simons term has added to Einstein gravity. It was shown [4] that to have a consistent stable
theory above the AdS vacuum solution the coupling constant of the Chern-Simons term has
to be tuned to a critical value leading to a chiral theory ( See for example [7–16] for different
discussions and aspects of chiral gravity.). TMG has also several novel solutions which might
eventually help us understanding the three dimensional gravity better.
In an attempt to explore three dimensional gravity a new model of massive gravity, known
as NMG, has also been introduced in [26] where the authors have shown that the theory
enjoys very similarity to TMG model but still has its own new features.
More recently, following the idea of the four dimensional f -g theory [17], even a new
three dimensional gravity has been introduced by Banados and Theisen [18]. The model
could be thought of as three dimensional gravity coupled to a rank two tensor with a given
interaction. The corresponding action is [18]
I[gµν , fµν ] =
1
16πG
∫
d3x
[√−g(Rg + 2
ℓ2
)
+ σ
√
−f
(
Rf +
2
ℓ2
)
− U0(g, f)
]
, (1.1)
where the potential is given by
U0(g, f) =
ν
ℓ2
√
−f (gµν − fµν)(gαβ − fαβ)(fµαf νβ − fµνfαβ). (1.2)
Here σ, ν and ℓ are constants that parameterize the theory. Due to special form of the
potential the theory has an AdS3 vacuum solution given by fµν = gµν = g
AdS
µν . It was shown
in [18] that upon expanding the action around this vacuum the theory at leading order
reduces to an NMG theory plus a trivial mode. Therefore one would expect to see some
similarity between the present theory and NMG theory. Different solutions of the model have
also been studied in [18] where it was shown that the model admits another AdS3 solution.
In this new AdS solution although f and g metrics are not equal, they are proportional to
an AdS3 metric.
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In this article we would like to explore some features of f -g gravity in three dimensions.
To proceed we will first assume that the g and f modes have different bare cosmological
constants denoted by Λg0/2 and Λ
f
0/2, respectively. Moreover following [18] we will consider
a potential with a generalized measure as follows
Um(g, f) =
ν
ℓ2
(−g)m(−f)n(gµν − fµν)(gαβ − fαβ)(fµαfνβ − fµνfαβ) (1.3)
withm+n = 1
2
. Here ℓ2 is a dimensionful parameter which to avoid having more dimensionful
parameter we assume that it could be given in terms of Λg0 and Λ
f
0 . Therefore we will consider
a generalization of the action (1.1) given by
I[gµν , fµν ] =
1
16πG
∫
d3x
[√−g (Rg − Λg0) + σ√−f (Rf − Λf0)− Um(g, f)] , (1.4)
The corresponding equations of motion coming from this action are1
Ggµν +
1
2
Λg0gµν = T
g
µν , G
f
µν +
1
2
Λf0fµν =
1
σ
T fµν , (1.5)
where the energy momentum tensors, T gµν , T
f
µν are [22]
T gµν =
ν
ℓ2
(
f
g
)n [
mgµν(g
αβ − fαβ)(gστ − fστ )(fσαfβτ − fαβfστ )
−2(gαβ − fαβ)(fαµfβν − fαβfµν)
]
, (1.6)
T fµν =
ν
ℓ2
(
g
f
)m [
2(gαβ − fαβ)(fαµfβν − fαβfµν)
+(gαβ − fαβ)(gστ − fστ )(nfµνfασfβτ − nfµνfαβfστ
+2fαµfσνfβτ − 2fαµfβνfστ )
]
.
The aim of this paper is to find different solutions of the above equations of motion.
Indeed we will see that the model admits several novel solutions reminiscing TMG and
NMG models. We will also explore different aspects of the solutions.
The paper is organized as follows. In the next section we find the AdS wave solution in the
model where we show that at a critical value of the coupling constant, σ, the theory admits
log gravity solution as well. In section three we study the most general static spherically
symmetric black hole solution in the model. The last section is devoted to discussions.
2 AdS wave solution
(A)dS vacuums
Motivated by the four dimensional f -g theory [23] we can start from the anstaz fµν = γgµν
by which the equations of motion (1.5) can be recast to the following form
Ggµν =
1
2
Λggµν , G
f
µν =
1
2
γΛfgµν , (2.1)
1Here we set 16πG = 1.
2
where
Λg =
4ν
ℓ2
γ3n(γ − 1)(2γ − 3m(γ − 1))− Λg0,
Λf = − 4ν
σℓ2
γ−3m(γ − 1)(2γ + 3n(γ − 1))− Λf0 . (2.2)
To have a consistent solution one needs to set Λg = γΛf which leads to the following algebraic
equation for γ
4ν
ℓ2
(γ − 1)γ3n
(
(2γ + 3n(γ − 1)) (1 + 1
σ
√
γ
)− 3
2
(γ − 1)
)
=
(
Λg0 − γΛf0
)
. (2.3)
In principle one could solve this algebraic equation to find γ in terms of the parameters
of the theory. The most general solution will be AdS3/dS3 solution with the radius of
ℓeff =
√
2/|Λg| depending on the sign of Λg. For the particular case of Λg0 = Λf0 = −2/ℓ2
the above equation reduces to
(γ − 1)
[(
2γ + 3n(γ − 1)
)(
1 +
1
σ
√
γ
)
− 3
2
(γ − 1)− 1
2ν
γ−3n
]
= 0. (2.4)
Of course γ = 1 is one of the solution of the above equation which indeed corresponds to
the AdS3 vacuum solution considered in [18]. On the other hand for Λ
g
0 6= Λf0 one could
still simplify the equation by imposing the condition Λg0 = γΛ
f
0 by which the equation (2.3)
reduces to (
2γ + 3n(γ − 1)
)(
1 +
1
σ
√
γ
)
=
3
2
(γ − 1). (2.5)
An interesting feature of this solution is that γ is independent of ν.
In the case of Λg0 = Λ
f
0 and m = 0 it was shown in [18] that small fluctuations around
the AdS vacuum of f = g at leading order lead to an NMG theory plus a trivial decoupled
mode. It is then natural to see whether such behavior can be seen in a more general solution
as well. To see this, following the four dimensional case [24, 25], we consider the following
perturbations around the vacuum solution given by f = γg
gµν = g¯µν + hµν , fµν = γ (g¯µν + ρµν) , (2.6)
where g¯µν is the metric of AdS3 solution with the radius ℓeff . The action for fluctuations
becomes
I[hµν , ρµν ] =
1
16πG
∫ √
−g
(
hµν(Gh)µν +√γσρµν(Gρ)µν − γ−3m ν
ℓ2eff
(h− ρ) · (h− ρ)
)
(2.7)
where G is the Pauli-Fierz operator [19] on curved AdS3 background2
hµν(Gh)µν ≡ −1
4
hνρ;µh
νρ;µ +
1
2
hµν;ρh
ρν;µ − 1
2
h;µh
µν;ν +
1
4
h;µh
;µ
+
1
2ℓ2eff
(
hµνh
µν − 1
2
h2
)
. (2.8)
2For simplicity we set ℓ = ℓeff .
3
Here the inner product is defined by
h · h ≡M hµνhµν −N h2, (2.9)
with
M = −γ(γ − 2), N = −3mn(γ − 1)2 + 2(n−m)γ(γ − 1) + γ2. (2.10)
To proceed let us define two new modes h(0) and h(m) in terms of the original fluctuations
hµν and ρµν as follows
ρ = h(0) − h(m), h = h(0) +√γσh(m). (2.11)
In terms of these newly defined modes the action of the fluctuations reads
I =
1 +
√
γσ
16πG
∫ √−g¯ (h(0)µν(Gh(0))µν)
+
(1 +
√
γσ)
√
γσ
16πG
∫ √−g¯[h(m)µν(Gh(m))µν − 1
4
M2
(
h(m)
µν
h(m)µν −
N
M
(h(m))2
)]
,
where
M2 = γ−3m4ν
ℓ2e
1 +
√
γσ√
γσ
M. (2.12)
Therefore in terms of new variables the theory represents a massless mode, h
(0)
µν , which
decouples from a massive mode, h
(m)
µν . We note, however, that the action of the massive
mode is not in the deserved Pauli-Fierz form and therefore it might not in general be a
ghost free theory [20,21]. To make it a ghost-free theory one must recast the action into the
deserved Pauli-Fierz form which can be done by further imposing another condition on γ.
For example it can be done by assuming that M = N which can be solved by the following
values of γ
γ = 1, γ =
3m(2m− 1)
6 +m(6m− 11) . (2.13)
With this condition the resulting theory is a single NMG with a new Newton constant
1
G′
=
(1+
√
γσ)
√
γσ
G
and the mass is given by (2.12) as in [26].
Note that the solution of γ = 1 is indeed the case considered in [18] for Λg0 = Λ
f
0 = −2/ℓ2.
We observe that for the generalized effective potential it is also possible to get NMG theory
even in the case of Λg0 6= Λf0 .3
AdS waves
Having had the AdS vacuum solution, it is interesting to study AdS wave solution in our
model4 . Actually the wave solution for f -g theory in 4-dimensions have been studied in [27].
3Note that, cases m = 0 and m = 3/4 lead to the case γ = 1 for which we have Λg
0
= Λf
0
= −2/ℓ2.
4 AdS wave solutions in TMG have been first found in [28, 29].
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Indeed as we have observed the f -g theory at the linearized level coincides with an NMG.
On the other hand the existence of AdS wave configurations for NMG has been explored
in [30]. Therefore it would be natural to look for an AdS wave solution in our model too.
To proceed we consider an anstaz for the AdS wave solution in terms of the AdS metric
as follows
gµν = g¯µν +Hkµkν , fµν = γ(g¯µν + Fkµkν). (2.14)
Here kµ is a null vector field with respect to the metric g¯µν where g¯µν is the AdS3 metric
obeying
G¯µν =
1
2
Λgg¯µν . (2.15)
Moreover F , H are arbitrary functions which are independent of the integral parameter
along kµ. Taking into account that the kµ is a null vector, the equations of motion (1.5) can
be decomposed into the following form
G¯µν + GHµν =
1
2
Λgg¯µν + T
H
µν , G¯µν + GFµν =
1
2
γΛf g¯µν +
1
σ
T Fµν , (2.16)
where
THµν =
2ν
ℓ2
γ3n
[
γ2(F −H)− 3m(γ − 1)2H]kµkν ,
T Fµν = −
2ν
ℓ2
γ−3m+1
[
γ(γ − 2)(H + 3F ) + 4F + 3n(γ − 1)2F ]kµkν ,
and5
GHµν = −
1
2
∇¯2(Hkµkν) + 1
2
∇¯σ∇¯ν(Hkσkµ) + 1
2
∇¯σ∇¯µ(Hkσkν)
−1
2
g¯µν∇¯σ∇¯ρ(Hkσkρ)− Λg0Hkµkν , (2.17)
GFµν = −
1
2
∇¯2(Fkµkν) + 1
2
∇¯σ∇¯ν(Fkσkµ) + 1
2
∇¯σ∇¯µ(Fkσkν)
−1
2
g¯µν∇¯σ∇¯ρ(Fkσkρ)− Λf0Fkµkν .
Λg, Λf are also given in the equation (2.2). From the equation (2.15) one needs to impose
the condition Λg = γΛf which determines γ as in the previous case. On the other hand by
making use of the equation (2.15) one arrives at
GHµν = THµν , GFµν =
1
σ
T Fµν (2.18)
To go further one needs to use an explicit parametrization for AdS geometry. Therefore for
the rest of our calculations we use the AdS solution in the Poincare´ coordinates whose metric
is given by
ds2g¯ =
ℓ2eff
y2
(dy2 − 2dudv)
5Since kµ is null, The exact form of GHµν , is obtained from the linearized form of Einstein equation by
replacing hµν with Hkµkν . For the linearized form of Einstein equation see for example [31].
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where ℓeff is the effective AdS radius defined previously in terms of Λ
g. In this notation one
has
ds2g =
ℓ2eff
y2
(dy2 − 2dudv +H(u, y)du2),
ds2f =
γℓ2eff
y2
(dy2 − 2dudv + F (u, y)du2). (2.19)
Using the explicit form of the metrics and, setting Λg0 = −2/ℓ21, Λf0 = −2/ℓ22, the nonzero
components of GHµν and GHµν are
− 2 GHuu = H ′′ −
1
y
H ′ +
4
y2
(
1− ℓ
2
eff
ℓ21
)
H
−2 GFuu = F ′′ −
1
y
F ′ +
4
y2
(
1− γ ℓ
2
eff
ℓ22
)
F. (2.20)
Therefore we get the following differential equations for F and H
y2H ′′(u, y)− yH ′(u, y) + 4
(
1− ℓ
2
eff
ℓ21
)
H = 4νγ3n
[
3m(γ − 1)2H + γ2(H − F )],
y2F ′′(u, y)− yF ′(u, y) + 4
(
1− γ ℓ
2
eff
ℓ22
)
F =
4ν
σ
γ−3m+1
[
3n(γ − 1)2F + γ(γ − 2)(H + 3F )
+4F
]
, (2.21)
where prime denotes the derivative with respect to y. It is then clear that the most general
solution of the above differential equations are in the form of yα with constant α.
Although we may solve the above differential equations for general ℓ1 and ℓ2, for simplicity
we set γ = 1 which results to ℓ1 = ℓ2 = ℓeff . In this case one has
y2H ′′(u, y)− yH ′(u, y) = 4ν(H(u, y)− F (u, y)),
y2F ′′(u, y)− yF ′(u, y) = 4ν
σ
(F (u, y)−H(u, y)).
For ν 6= − σ
4(σ+1)
the above equations are solved by
F (u, y) = f1(u) + f2(u)y
2 + f3(u)y
1+
√
1+4ν(1+1/σ) + f4(u)y
1−
√
1+4ν(1+1/σ), (2.22)
H(u, y) = f1(u) + f2(u)y
2 − σf3(u)y1+
√
1+4ν(1+1/σ) − σf4(u)y1−
√
1+4ν(1+1/σ), (2.23)
where fi(u)’s are arbitrary functions of u. While at the critical value
ν = − σ
4(σ + 1)
, (2.24)
we get Log gravity solution as follows
F (u, y) = f1(u) + f2(u)y
2 + y
(
f3(u) ln(y) + f4(u)
)
, (2.25)
H(u, y) = f1(u) + f2(u)y
2 − σy
(
f3(u) ln(y) + f4(u)
)
. (2.26)
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To conclude this section we note that the f -g model we are considering has two distinctive
vacua; AdS3 vacuum and AdS3 wave vacuum. Therefore it is also expected to get black hole
solutions out of these vacua by an identification. This is very similar to that in TMG and
NMG [28–30] where one gets AdS and AdS wave solutions as well as their corresponding
black holes which can be obtained by an identification. Even the subtlety of having Log
gravity, appears in all models too.
We note, however, that although in TMG and NMG we have another vacuum known as
warped AdS3 solution, in our model we have not been able to find it yet. Of course in [18] the
authors have found a new black hole solution whose asymptotics has SL(2, R)×R isometry
and might be thought of as warped solution. If one thinks of this solution as an identification
of a vacuum solution then one might wonder that the model has also warped AdS solutions
as well. It would be interesting to see if such a solution can be found in this model too.
3 Black hole solution
In this section we would like to study a class of exact static spherically symmetric black
hole solutions of the three dimensional f -g model given by the action (1.4). To solve the
corresponding equations of motion (1.5) we may start from an anstaz with an appropriate
symmetries. Indeed, following [22], by making use of a suitable choice of coordinates, the
most general static spherically symmetric ansatz for the f and g metrics can be written as
ds2f = −Jdt2 +Kdr2 + r2dϕ2,
ds2g = −Cdt2 + 2Ddtdr + Adr2 +Bdϕ2. (3.1)
Note that, since we are looking for spherically symmetric solutions, the unknown parameters
A, B, C, D, J , K can only be functions of r.
It is then straightforward to plug this ansatz to the equations of motion (1.5) to find the
unknown functions. Indeed using the tt and tr components of the equations of motion of
the metric f one gets (
r2
2B
− 1
)
D = 0, (3.2)
which for D 6= 06 can be used to find B = r2/2.
On the other hand using the explicit form of the metrics as well as the fact that B = r2/2
one finds different relations between the components of the energy momentum tensors as
follows [22]
C−1T ftt = −D−1T ftr = −A−1T frr, J−1T gtt = −K−1T grr, (3.3)
which together with the equations of motion can be used to find different relations between
the components of the Ricci tensors
ARftt + CR
f
rr = 0, KR
g
tt + JR
g
rr = 0. (3.4)
6For D = 0 a class of solutions, indeed, reduces to that considered in the previous subsection.
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Using the explicit form of the Ricci tensors of the anstaz (3.1) one finds
(JK)′ = 0, ∆′ = 0, with ∆ = AC +D2, (3.5)
That means ∆ and JK are constants of motion. It is always possible to set KJ = 1 by a
reparametrization of the time coordinate t. With this information, setting Λg0 = −2/ℓ21 and
Λf0 = −2/ℓ22, it is then easy to solve the rest of the equations of motion to find
ds2f = fµνdx
µdxν = −
(
Λ˜fr
2 −Mf
)
dt2 +
dr2(
Λ˜fr2 −Mf
) + r2dϕ2
ds2g = gµνdx
µdxν = −∆
(
Λ˜gr
2 −Mg
)
dt2 +
Y dr2(
Λ˜fr2 −Mf
) + r2
2
dϕ2
+2
√
∆(1−XY )dtdr
with
X =
Λ˜gr
2 −Mg
Λ˜fr2 −Mf
, Y =
1
2
+ ∆(2−X). (3.6)
Here
Λ˜g =
ν
ℓ2
(
2
∆
)1+n
(1 +m(∆− 1)) + 1
ℓ21
Λ˜f = − ν
σℓ2
(
2
∆
)1−m
(1− n(∆− 1)) + 1
ℓ22
(3.7)
This is a black hole solution which is different from that obtained in [18]. Actually the metric
f represents a BTZ black hole whose horizon is located at
r2H =
Mf
Λ˜f
, (3.8)
and its Hawking temperature is
TH =
√
Λ˜fMf
2π
(3.9)
It is worth noting that at the particular value of X = 2 both metrics become diagonal and
that of BTZ black hole. This is indeed the BTZ black hole of the previous section. Note
that in this case we have
Λ˜g = 2Λ˜f , Mg = 2Mf . (3.10)
It is also instructive to study the asymptotic behavior of the above black hole solution.
In fact for large r the solution (3.6) asymptotically approaches to
ds2f ≃ −Λ˜fr2dt2 +
dr2
Λ˜fr2
+ r2dϕ2
ds2g ≃ −∆Λ˜gr2dt2 +
y
Λ˜f
dr2
r2
+ 2δdtdr +
r2
2
dϕ2 (3.11)
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where
y =
1
2
+ ∆(2− Λ˜g
Λ˜f
), δ2 = ∆(1 − Λ˜g
Λ˜f
y). (3.12)
In order to have asymptotically well behaved AdS solution one needs to impose the condition,
δ → 0 while we are taking the limit of r → ∞. In other words for large r one should have
y → Λ˜f
Λ˜g
.
It is worth noting that although for the case of y =
Λ˜f
Λ˜g
both metrics have 6 Killing vectors,
only four of them are common and therefore the whole solution has SL(2, R)×R isometry.
On the other hand for y = 1
2
and ∆ = 1
4
the isometry enhances to SL(2, R)× SL(2, R).
As a result we note that the black hole solution we have found may be thought of as
a descendant of the AdS vacuum. It is then natural to look for other black hole solutions
which could be related to AdS wave as well as log gravity solutions of the previous section.
4 Discussions
In this paper we have considered f -g gravity in three dimensions. We have found different
solutions of the equations of motion, including (A)dS, AdS wave and static spherically sym-
metric black hole solutions. More precisely we have found two distinctive vacuum solutions
for our model; AdS and AdS wave solutions. This is very similar to what has been found
for TMG and NMG models [28–30]. Indeed, even the subtlety of having Log gravity at a
critical value of the coupling constant appears in our model too. We note, however, that in
comparison with TMG and NMG we have not been able to find the warped AdS vacuum
solution in our model. Of course due to the black hole solution whose asymptotics is warped
in [18], one might expect to have warped AdS vacuum in our model too.
A similarity with NMG might be understood from the fact that small fluctuations around
the AdS vacuums of the f -g gravity at leading order lead to an NMG mode plus a free
decoupled mode.
In this paper we have not discussed about the conserved and asymptotic charges of the
black hole solution in f -g model. We note, however, that it is an important issue specially
if we would like to find a CFT dual for f -g gravity in three dimensions. Of course for AdS
vacuums in section 2 we would expect that the asymptotic symmetry of these solutions would
be Virasoro algebra with central charge cm =
3ℓeff
2G
(1 + σ
√
γ), which reduces to that in [18]
for γ = 1.
Following [18] the f -g model we have considered was based on the fact that the action
of both metrics f and g are given by Hilbert-Einstein gravity. Of course the model is
equipped with an effective potential which represents the interaction between f and g. We
note, however, that in three dimensions there is another natural action one may consider
for the gravity; namely the gravitational Chern-Simons action. Therefore we may use the
Chern-Simons action for one or both of the metrics. To be specific let us consider an f -g
gravity in which the action of g metric is given by Hilbert-Einstein gravity, while we use the
Chern-Simons action for f mode. Of course we could have an interaction term as well. As
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a result one may consider the following parity violating action for the f -g gravity
I[g, f ] =
1
16πG
∫
d3x
[√−g(Rg + 2
ℓ2
)
+ σ
√
−fǫabc
(
Γ
(f)i
aj ∂bΓ
(f)j
ic +
2
3
Γ
(f)i
aj Γ
(f)j
bk Γ
(f)k
ci
)
−U(g, f)
]
, (4.1)
Since the effective potential we are considering is not symmetric under exchanging f and g
the above model is not equivalent to that when the actions of g and f are exchanged. For
the case we are considering the corresponding equations of motion are given by
Ggµν −
1
ℓ2
gµν = T
g
µν , C
f
µν =
1
σ
T fµν , (4.2)
where T gµν and T
f
µν are given in (1.6), and C
f
µν is the Cotton tensor associated with metric f
given by
Cfµν = ǫµ
αβ∇α(Rfβν −
1
4
Rffβν). (4.3)
This model admits an AdS solution given by gµν = fµν = g
AdS
µν . It would be interesting to
study fluctuations around this vacuum. It would also be interesting to study other solutions
of this model too.
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